In this paper, we provide a systematic investigation of high-order primordial perturbations with nonlinear dispersion relations due to quantum gravitational effects in the framework of uniform asymptotic approximations. Because of these effects, the equation of motion of the mode function in general has multiple-turning points. After obtaining analytically approximated solutions to any order in different regions, associated with different types of turning points, we match them to the third one. To this order the errors are less than 0.15%. General expressions of the power spectra of the primordial tensor and scalar perturbations are derived explicitly. We also investigate effects of back-reactions of the quantum gravitational corrections, and make sure that inflation lasts long enough in order to solve the underlying problems, such as flatness, horizon and monopole. Then, we study various features of the spectra that are observationally relevant. In particular, under a moderate assumption about the energy scale of the underlying theory of quantum gravity, we have shown that the quantum gravitational effects may alter significantly the ratio between the tensor and scalar power spectra, thereby providing a natural mechanism to alleviate the tension between observations and certain inflationary models, including the one with a quadratic potential.
I. INTRODUCTION
The paradigm of cosmic inflation has had remarkable success in solving many problems elegantly with standard big bang cosmology and predicting the primordial power spectrum whose evolution explains both the formation of the large scale structure of the universe and the small inhomogeneities in the cosmic microwave background (CMB) [1] . These are now matched to observations with a spectacular precision [2] [3] [4] . However, as it is well known, the inflationary scenario is conceptually incomplete in several respects. For example, in some inflation models, the energy scale of quantum fluctuations, which relates to the present observations, was not far from the Planck energy in the beginning of the inflation [5, 6] . This leads to the problem that the underlying quantum field theory on classical spacetime becomes unreliable. In addition, the evolution of the background geometry and matter, which satisfies Einstein's equation during the inflational process, will inevitably lead to the existence of an initial singularity [7, 8] . Yet, the inflation paradigm in general ignores the pre-inflationary dynamics and simply sets the initial condition of the perturbations in the Bunch-Davies vacuum at the onset of the slow-roll epoch. To resolve any of these problems, the ultraviolet (UV) physics is needed. where µ k (η) denotes the mode function of inflationary perturbations, and a prime indicates differentiation with respect to the conformal time η. k is the comoving wave number, and z = z(η) depends on the background and the types of perturbations (scalar and tensor). In the present paper, we will consider the particular nonlinear dispersion relation 2) where M * is the relevant energy scale of the nonlinear dispersion relation, a = a(η) is the scale factor of the background universe, andb 1 andb 2 are dimensionless constants. In order to get a healthy ultraviolet limit if b 1 = 0, one in general requiresb 2 > 0. Whenb 1 = 0 =b 2 , it reduces to that of general relativity. The nonlinear dispersion relation in Eq. (1.2) was first suggested for inflationary perturbations in [5] as a toy model, which has been used to study the unknown effects of trans-Planckian physics. Later it was found that it could be naturally realized in the framework of Hořava-Lifshitz theory of gravity [12, 13] . While the last two terms on the right hand side of Eq. (1.2) denote the contributions from the fourth and sixth-order spatial operators in the theory of Hořava-Lifshitz gravity, arXiv:1604.05739v2 [gr-qc] 21 Jun 2016 the term ω 2 k comes from the fact that the theory only allows the second-order time derivative operators. The essential point of keeping the time derivative operators to the second-order and the high-dimensional spatial operators up to the sixth-order is that it not only reserves the unitarity of the theory, but also makes the theory power-counting renormalizable.
To have a better physical understanding of the quantum gravitational effects, it is highly desirable to solve Eq.(1.1) analytically for the nonlinear dispersion relation (1.2), and then extract information from it, including the power spectra, spectral indices and runnings. Such studies are very challenging, as the problem becomes so mathematically involved, and meanwhile the treatment needs to be sufficiently accurate, in order to identify precisely such effects and seek observational signatures in the current and forthcoming experiments. Recently, we developed a powerful and effective method, the uniform asymptotic approximation to accurately construct analytical solutions of the mode function with a nonlinear dispersion relation [14] . It should be noted that the uniform asymptotic approximation was first applied to inflationary cosmology by Habib et al. [15] , in which the dispersion relation is the standard linear relation ω k (η) = k 2 , where the equation of motion only has one single turning point (see also [12] ). We generalized the method of Habib et al. to the case with the nonlinear dispersion relation of Eq.(1.2), where multiple and high-order turning points are allowed. Furthermore, we extended the first-order uniform asymptotic approximation to the third-order in cases where there exists only one-turning point [16] . The formulas were then applied to k-inflationary models [17] as well as to the ones in loop quantum cosmology (LQC) with holonomy and inverse-volume corrections [18] .
The aim of this paper is to generalize our studies carried out in [14] from the first-order to the third-order approximations with any number and order of turningpoints for the dispersion relation given by Eq.(1.2). Up to the third-order, the upper bounds of errors are 0.15% [16] , which are accurate enough for the current and forthcoming experiments [19] . We emphasize that the method to be developed in this paper is quite general, and can easily be extended to other inflationary models with different quantum gravitational effects. To proceed further, we assume that the background evolution with an inflationary scalar field satisfies the usual Friedmann and Klein-Gordon equations 1 ,
3)
1 This assumption is not essential, and can be easily generalized to the case where the evolution of the background is affected by quantum gravitational corrections. Such corrections could lead to non-slow-roll inflation, such as the case in LQC [18] . However, the uniform asymptotic approximation method is not restricted to slow-roll inflationary models, and can be thus in principle equally applied to the non-slow-roll case.φ 4) where H ≡ȧ/a is the Hubble parameter, V (φ) is the potential of the inflation field φ, and M Pl is the reduced Planck mass. In the above, a dot represents the derivative with respect to the cosmic time t, which in terms of the conformal time is given as η(t) = t t end dt a(t ) .
(1.5)
Here t end is the cosmic time when the inflation ends. In addition, an important feature of the nonlinear dispersion relation is that it could produce additional excited states for primordial perturbations on the subhorizon scale during inflation. This has been extensively studied in [20, 21] . In general, the solution of Eq.(1.1) has the following form in the sub-horizon regime H k/a M * (in the leading WKB approximation),
whereα k andβ k satisfy the relation
Usually,β k = 0 if the mode starts at the Bunch-Davies vacuum and the coefficient term Ω 8) from the onset of inflation until the sub-horizon regime. However, if the adiabatic condition is violated in the region when k/a M * , then the primordial perturbation modes through this region will lead to a nonzeroβ k . This immediately raises the question whether the backreaction of such additional excited state (i.e.,β k mode) is small enough to allow inflation to last long enough. Such a consideration leads to the following constraint [21] , 9) where H inf is the Hubble constant when the inflation just starts. Note that similar constraints can also be found in [22] . In the current paper, with the approximate solutions obtained by using the high-order uniform asymptotic approximation to be developed below, we are able to determine the coefficientβ k explicitly, so that we can estimate the effects of the back-reactions on the primordial spectra precisely. The rest of this paper is organized as follows. In Appendix A, we systematically develop the high-order uniform asymptotic approximation method for multiturning points, and expand the mode function in terms of 1/λ to an arbitrarily high order, in which the error bounds are given in each order of the approximation, where λ 1. Then in Appendix B, we consider the matching of individual approximate solutions constructed in Appendix A. By applying the formalism developed in Appendices A and B to inflationary perturbation modes with the above nonlinear dispersion relation, in Sec. II, we obtain the general expressions of the power spectra to the third-order from the analytically approximate mode function obtained in the uniform asymptotic approximation. Then, we investigate the constraints on the Bogoliubov coefficientβ k , in order for the inflation to last longer enough. In Sec. III, we investigate features of the power spectra, and study their potential applications to certain inflationary models. In particular, we show that, even with the aforementioned constraints, the model with a quadratic potential can be reconciled with observations after the quantum gravitational corrections are taken into account. Our main conclusions are summarized in Sec. IV.
II. SPECTRA OF PRIMORDIAL PERTURBATIONS
A. Turning Points and WKB Approximation
The evolutions of both scalar and tensor perturbations, which obey the equation of motion (1.1), depend on both the background of the Universe and the nonlinear dispersion relations (1.2). With the assumption of the slow-roll evolution of the background, then the behaviors of the mode are very sensitive to the signs of ω
|z /z|, the solution is of the type of oscillation,
and when ω 2 k (η) |z /z|, it is of the form,
Here we note that the former corresponds to solutions in the region where the adiabatic condition (1.8) is fulfilled. Then, the problem of obtaining the solution of Eq. (1.1) thus reduces to solving the equation in the intermediate regions when
As a result, the solution will change from that of oscillation to that of decaying/growing, or vice versa. The transition point where Ω 2 k (η) = 0 is usually called a turning point. As shown above, the solution of the mode function has quite different behaviors in different sides of the turning point. In particular, in the region where Ω 2 k (η) 0, the adiabatic condition (1.8) is broken down, as shown explicitly in Fig. 1 , and then the usual WKB approximation becomes invalid. Therefore, in order to determine the solution of Eq. (1.1) in the whole phase space, other approximations near the turning points are required. To this purpose, in the following we shall show how one can solve Eq. (1.1) at these turning points by using the uniform asymptotic approximation. 
, denoted by the down-pointing vertical arrows. The curves (a), (b), (c), (d) and (e) correspond, respectively, to the cases illustrated in Fig. 2 .
B. Approximate Solutions near Turning Points
The uniform asymptotic approximation provides a systematic and effective method to construct accurate solutions near turning points. To show this, let us re-write Eq.(1.1) in the form [23, 24] , 3) where the new variable y(≡ −kη) is dimensionless, and 4) where
, and * = H/M * . In the above, the quantity z = z(η) depends on the types of perturbations. In particular, for scalar perturbations we have z s (η) = aφ/H and for tensor perturbations we have z t (η) = a. Restricting to the slow-roll evolution of the background, as we have assumed in this paper, we have
2 ) for scalar perturbations, and ν = 3/2 + 1 + O(
2 ) for tensor perturbations with
where i denote the slow-roll parameters at the first-order slow-roll approximation.
Note that Eq. (2.4) cannot determine the two functions g(y) and q(y) uniquely. A fundamental reason to introduce two of them is to have one extra degree of freedom, so later we are allowed to choose them in such a way that the error control functions, associated with the uniform asymptotic approximation, can be minimized.
The convergence of these error control functions are very sensitive to their behaviors near the poles (singularities) of the function λ 2ĝ (y), as we have discussed in details in Appendix A. From the expression of Eq. (2.4), one can see that there are two poles, one is located at y = 0 + and the other is at y = +∞. Now one can follow the guidance summarized in the last paragraph in Appenxia. A to determine the functions λ 2ĝ (y) and q(y). The guidance to determine the functions λ 2ĝ (y) and q(y) contains three conditions. The first condition requires that near the two poles we must have |q(y)| < |λ 2ĝ (y)|, which in turn requires that λ 2ĝ (y) must be of the second-order at the pole y = 0 + , and of the fourthorder at the pole y = +∞. Then, the second condition requires that the functions λ 2ĝ (y) and q(y) must be chosen as
where q i with i = 1, 2, 3, 4, 5, 6 are constants. Considering the third condition one concludes that the pole y = +∞ of q(y) must have order less than one, thus q i = 0 with i > 2. One can choose q 1,2 = 0 for the sake of simplicity. Then, the functions λ 2ĝ (y) and q(y) finally take the form
Clearly, the function λ 2ĝ (y) is free of singularities within the range y ∈ (0, +∞).
Except the two poles at y = 0 + and y = +∞, λ 2ĝ (y) in general has three zeros for y ∈ (0, +∞), which depends on the three parameters b 1 , b 2 , and * . The zeros of λ 2ĝ (y) are also called turning points of the second-order differential equation (2.3) . These turning points can be determined by solving the equation λ 2ĝ (y) = 0, which are, Depending on the signs of ∆, where 10) the nature of the three roots is different. In Fig. 2 , we display five different cases for the function λ 2ĝ (y), corresponding to different types of roots 2 . When ∆ < 0, the three roots (y 0 , y 1 , y 2 ) are all real and different, which corresponds to Case (a) in Fig. 2 . When ∆ = 0, there are one single real root y 0 and one double real root y 1 (y 1 = y 2 ), which corresponds to Case (b) in Fig. 2 . When ∆ > 0, there are one single root y 0 and two complex conjugated roots y 1 and y 2 with y 1 * = y 2 , which corresponds to Cases (c) and (d) in Fig. 2 . The difference between Case (c) and Case (d) is that for Case (d), the two complex roots are largely spaced in the imaginary axis, and as we shall show later, we can treat this case as it has only one single real root. We also display a special Case (e) in Fig. 2 by takingb 2 < 0, which has two real turning points. Note that throughout this paper we assume y 0 < Re(y 1 ) ≤ Re(y 2 ).
The performance of the uniform asymptotic approximation for different types of turning points are different. The treatment for the single real turning point is presented in Appendix. A 3, while the treatment for a pair of turning points which could be either both single, double, or both complex is presented in Appendix. A 4. For the single real turning point y 0 , following the procedure in Appendix. A 3, one can construct the approximate so-lution of Eq. (1.1) for primordial perturbation modes as
U (ξ), (2.11) where ξ(y) is a growing function of y in the range y ∈ (0 + , Re(y 1 )) given by Eq. (A.32) and U (ξ) is expanded in terms of Airy function in Eq. (A.45).
For a pair of turning points y 1 and y 2 , as we discussed above, they could be either both single real, double, or even complex. In the uniform asymptotic approximation, as we have shown in Appendix. A 4, we can treat them together. Following the procedure in Appendix. A 4, the corresponding solution of Eq. (1.1) now can be expressed as Then imposing the adiabatic vacuum state in the limit y → +∞ as in Eq. (B.1), and matching the individual solutions in Eq. (2.11) and Eq. (2.12) in their overlaping region y ∈ (y 0 , Re(y 1 ), the behaviors of the solution of the primordial perturbations modes during the whole region y ∈ (0 + , +∞) now can be completely determined. As the construction of the approximate solutions in the uniform asymptotic approximation are very much mathematically involved, in this paper we leave most of the mathematical derivations into Appendix. A and Appendix. B. In Appendix. A, we provide a general and self-contained introduction to the uniform asymptotic approximation and illustrate how to construct accurate solutions for different types of turning points. In Appendix. B, we show how to match the individual solutions in different regions so that we can get a solution in the whole spacetime.
C. Spectra of Primordial Perturbations
Now with the approximate solutions of Eq. (2.11) and Eq. (2.12), we are in the position to calculate the spectra of both scalar and tensor perturbations. In order to do so, we consider the limit y → 0 + , for which only the growing mode of the approximate solution is relevant. Considering the asymptotic form of the Airy functions in the limit y → 0 + (i.e., ξ(y) → +∞), we have [16] lim
where H (ξ) is the error control function associated with the approximate solution at the turning point y 0 and the coefficient β 0 is determined in Eq. (B.24). Then, the power spectra read 14) where A (k) denotes the modified factor due to the presence of the turning points y 1 and y 2 , which reads 1, (2.16) thus the power spectrum is exponentially enhanced. When ζ 2 0 = 0, which corresponds to the case that the turning points satisfy y 1 = y 2 , i.e. Case (b) in Fig. 2 , one finds
For the case ζ 0 is negatively large, which corresponds to the case when the turning points y 1 and y 2 are complex conjugate and largely spaced in the imaginary axis, that is, Case (d) in Fig. 2 , one has
1. (2.18) Thus, the power spectrum reduces to the usual one with only one single turning point y 0 , which has been calculated in detail in [16] up to the third-order approximation.
With the above expression of the power spectrum, the corresponding spectral index can be calculated as 19) where n
is the spectral index when λ 2ĝ (y) has only one turning point, and its explicit expression is given in [16] . When ζ 2 0 is negative and large, A s,t reduces to one, and thus the first term in Eq. (2.19) reduces to zero. This is consistent with the discussions given in the last paragraph. More specifically, for the first-order approximation the modified factor is only a function of ζ 2 0 and B, and we can write the spectral index in a more explicit form 20) where 21) and (2.22) in which φ(x) is given by Eq.(C.6) and φ (x) ≡ dφ(x)/dx. Here we would like to mention that the above formulas are very general and can be applied to any dispersion relation which has three turning points.
Some remarks about the terminologies are in order. In general, the function λ 2ĝ (y) in Eq.(2.7) has three turning points y 0 , y 1 , and y 2 , as we already have shown in Fig. 2 . In order to apply the uniform asymptotic approximation to the turning point y 0 , we have imposed the conditions: (i) |q(y)| is small compared with |λ 2ĝ (y)|, except in the neighborhoods of y 0 where it is small compared with |λ
At the turning points y 1 and y 2 , |q(y)| is small compared with |λ 2ĝ (y)|, except in the neighborhoods of y 1 and y 2 where it is small compared with |λ 2ĝ (y)(y − y 1 ) −1 (y − y 2 ) −1 |. In general the first condition does not hold in the neighborhoods of y 1 and y 2 [Cases (a), (b) and (c) as shown in Fig. 2 ], except for the case that y 1 and y 2 are complex and largely spaced in the complex plane, which is Case (d) as shown in Fig. 2 . In the latter, one can consider that the function λ 2ĝ (y) has one turning point in the whole range of y, and as we already showed above, the result obtained with three-turning points exactly reduces to the result obtained with one-turning point. Therefore, when we consider that the function λ 2ĝ (y) only has one-turning point, we mean that condition (i) holds everywhere in the whole range of our interest, which is Case (d) in Fig.  2 .
D. Back-reaction of quantum gravitational effects
As we have mentioned in the introduction, in general the nonlinear dispersion relation leads to the productions of particles. This raises an important question, namely whether or not the back-reaction of the excited modes is small enough to allow inflation to last longer enough. In order to clarify this point, let us consider the approximate solution in the sub-horizon region H < k/a < M * (equivalently for the region y 0 y Re(y 1 ))), during which the approximate solution takes the form as Eq. (B.20). In the sub-horizon region, as ω 2 k z /z, thus one has 23) then the solution in Eq. (B.20) can be simplified into the form
where A = A(λ, ξ),B(λ, ξ)/λ are given by Eq. (B.22), and α 0 , β 0 are given by Eq.(B.24). From the above analytical approximate solutions, one can identify the Bogoliubov coefficient of the excited modes at the subhorizon scales as,
By using Eq. (B.22) one can obtain that 26) thus up to the third-order approximation in the uniform asymptotic approximation, one finds
In order to avoid large back-reactions [cf. Eq.(1.9)], one has to impose the condition [21] ,
where H inf is the energy scale of the inflation and the Planck 2015 data yields the constraint H inf /M Pl ≤ 3.5 × 10 −5 [4] . Thus if we take H inf /M * ∼ 2 × 10 −3 , one can infer that
For smaller M * , the Bogoliubov coefficient |β k | 2 can be larger 3 . But here we shall take the above limit and derive the constraints on A s,t . Since the modified factor in general can be expressed as 2.30) it is easy to obtain that
(2.31) Then, Eq.(2.29) places constraints on the modified factor A s,t for both of the primordial scalar and tensor perturbations as
(2.32)
III. MAIN FEATURES OF THE SPECTRA
One natural question is whether the quantum gravitational effects could produce some non-trivial features in the spectra of the primordial perturbations. In this section, we shall point out some of these features that could be observationally interesting.
A. Nearly scale-invariance of the primordial perturbations
We consider the nonlinear dispersion relation with 2) where represents the slow-roll parameter. From these expressions we see that if we expand the perturbations spectra about a pivot scale k , the derivative of all the above quantities only contributes to the second-order of the slow-roll approximations or to the order O( ) × 2 * for the * term. So if we only consider the first-order slow-roll expansion (ignore the term O( ) × 2 * as well), the spectral indices will be the same as for the case that λ 2ĝ (y) only has one turning point, in which the quantum gravitational effects contribute only small corrections to the spectral index of GR. Thus, even after the quantum gravitational effects are taken into account, in this case the primordial spectra are still nearly scale-invariant. This is important. As discussed in the second reference of [6] , the authors have imposed two additional conditions, the adiabatic condition (i.e., condition when Eq.(1.8) holds) and the separation of the scale (i.e., * 1), to justify the scale invariance of the power spectra. With these two conditions, the evolution of inflationary modes which starts at an initial Bunch-Davies vacuum must trace the adiabatic state during inflation until the mode crosses the Hubble horizon. This exactly corresponds to the one turning point case we discussed above [Case (d) as shown in Fig. 2] . If the adiabatic condition is violated in an intermediate region during inflation, then the equation of the mode function may have more than one turning point [in fact three turning points as shown in Fig. 2 for Cases (a), (b), and (c)]. In these cases, the initial Bunch-Davies vacuum shall evolve into a mixed state as shown in Eq.(1.6) with a non-zero Bogoliubov coefficientβ k even when the adiabatic condition is restored before these modes leave the Hubble horizon. Our results show that even with such mixed state, the property of almost scale-invariance of the primordial spectrum still remains.
In addition to the above possibilities, there still exist cases in which strong scale-dependence of primordial spectrum may occur. For example, the adiabatic condition may be violated at the initial time. In particular, this is the case whenb 2 < 0, Case (e) as shown in Fig.  2 . In such a case, we cannot choose the initial state as the usual Bunch-Davies vacuum. In the first reference of [6] , the authors considered the case in which the initial state is determined by minimizing the energy density. For such an initial state, it was found that significant deviations from the scale-invariant spectrum can be obtained. However, as we already pointed out in the Introduction, a healthy ultraviolet limit requiresb 2 > 0, thus scale invariance is protected by a stability requirement of the underlying theory in the UV.
Moreover, even if a healthy ultraviolet limit is guaranteed, the scale-invariance of the spectrum could still be changed dramatically when different initial conditions are chosen. For example, it was shown that the power spectrum could be strongly scale-dependent when one chooses an instantaneous Minkowski vacuum, see the first reference of [6] for details.
B. Oscillations of the primordial perturbation spectra
Another important effect from the quantum gravitational corrections is that they generically lead to oscillations in the primordial perturbation spectra [7] , as one can see clearly from our analytical expression (2.14) . Roughly, the phase of the oscillations can be expanded at the pivot scale k in the form,
3)
It shows clearly that the second term in the expansion is at the second-order in slow-roll approximation, which indicates that the k-dependence is extremely weak, and thus it might be very difficult to observe it in the current and forthcoming experiments. In this sense, the cosine function in Eq. (2.14) affects only the overall amplitude in primordial spectrum, rather than produces a k-dependent oscillatory pattern in the primordial spectrum. It must be noted that the underlying assumption of such a conclusion is that the initial state is the BunchDavies vacuum. Similar to the cases studied in the first reference of [6] , choosing the initial state as an instantaneous Minkowski vacuum could lead to scale-dependent oscillations in the power spectra that could be observationally significant. But, as we mentioned above, this will also lead to significant derivations of scale-invariance of the power spectra.
C. Modifications of Power Spectra
In addition, the quantum gravitational effects generically modify the primordial spectra, depending on the coupling constantsb 1 andb 2 , where the values of these parameters depend on the types of perturbations, tensor or scalar [12] . This will in turn affect the ratio r between the tensor and scalar power spectra, which could lead to observational consequences, and bring the theory directly under tests. For example, in GR the inflationary model with a quadratic potential predicts, 4) which is obviously in tension with the upper bound obtained recently by Planck 2015, r Planck ≤ 0.11 at 95% C.L. [4] . However, if we take quantum gravitational effects into account, the tension could disappear completely, as now we have,
Thus, by properly choosing the coupling constantŝ b (t,s) A (A = 1, 2), one has various ways to rescue the quadratic model, for example, by suppressing A t and/or enlarging A s . As shown in the last section, there is a large room to adjust the value of A t /A s , even after the back-reactions are taken into account, which leads to the constraints of Eq.(2.32), from which we find that
In Fig. 3 and Fig. 4 , we display four examples of the modified factor A n for different sets of parameters b 1 , b 2 , * . It is shown clearly that the constraint for the modified factor of Eq.(2.28) can be easily realized by properly choosing the values of b 1 , b 2 , and * .
It is worthwhile to emphasize that even though with the constraints on A t /A s of Eq.(3.6), the quantum gravitational effects still provide a viable mechanism to reconcile the tension between some inflation models and the Planck2015 observational data. To illustrate this clearly, let us take a look at the simplest inflation model with a power-law potential V (φ) = λ p φ p as an example. When the quantum gravitational effects are taken into account, as shown in Fig. 5 , in which we take A t /A s to be in the range (0.48, 1.2), which is well within the constraints of Eq.(2.32), the inflation model with a quadratic potential now can be perfectly consistent with Planck 2015 data.
IV. CONCLUSIONS
The uniform asymptotic approximation method provides a powerful, systematically improvable, and error controlled approach to construct analytical solutions of inflationary perturbations. It has been applied to inflationary models in various situations, in which the traditional methods, such as WKB and Green functions, either are not applicable or produce large errors [11] . These include models with nonlinear dispersion relations [14, 16] , k-inflation [17] , and holonomy and inversevolume corrections from LQC [18] .
In this paper, we have systematically generalized our previous studies of quantum gravitational effects with the nonlinear dispersion relation (1.2) from the first-order approximations [14] to the third-order with any number and order of turning-points. The upper bounds of errors to the third-order approximations are ≤ 0.15% [16] , which are accurate enough for the current and forthcoming experiments [19] .
To our goals, we have first derived the analytic approximate solutions of perturbations associated with different turning points to any order of approximations, and then matched them together to the third-order. With the matched solutions, we have been able to calculate explicitly the primordial tensor and scalar perturbation spectra, which represents the most accurate results in the literature, as far as we know. From these expressions, we have also derived several features of the power spectra due to quantum gravitational effects that may be observationally interesting.
After deriving explicitly the power spectra of the tensor and scalar perturbations up to the third-order approximation, we have investigated the constraints due to the back-reactions of quantum gravitational effects [20] [21] [22] . This is very important, in order to make sure that these effects will not make inflation end in a very early period, and the problems, such as horizon, flatness and monopole, are still solved. With a very conservative assumption about the energy scale M * of the underlying theory of quantum gravity, we have found the bounds on the amplitudes of the power spectra, which are given explicitly by Eq. (3.6) . Even with these severe constraints, we have found the tensions between certain inflationary models and observations can be reconciled easily, after quantum gravitational effects are taken into account. These include the chaotic model with a quadratic potential. Left panel: the modified factor A vs * with b1 = 2 and b2 = 1.02. In this case, for the range of * we considered in the figure, the function λ 2ĝ (y) has one single real and two complex turning points, which corresponds to Cases (c) and (d) in Fig. 2 . When * approaches to zero, the function λ 2ĝ (y) gradually changes from Case (c) to Case (d), and the factor A approaches to one, as expected. (ii) Right panel: the modified factor A vs * with b1 = 3 and b2 = 2.255. The values of the parameters chosen in this case correspond to the case in which the turning points y1 and y2 are real and very close to each other, i.e., |y1/y2 − 1| 1, so that the modified factor A 3 + 2 √ 2 cos 2B.
Finally, we would like to note that, although we have studied the quantum gravitational effects specified by the nonlinear dispersion relation (1.2), in which the equation of motion could have three turning points, we would like to emphasize that the method and results presented in this paper can be easily extended to other cases. In particular, the method is equally well applicable to nonslow-roll inflationary models. FIG. 5. Theoretical predictions for the inflationary models with the potential V (φ) = λpφ p after quantum gravitational effects are taken into account. In this figure, we take the ratio At/As to be in the range (0.48, 1.2), which is well within the constraints Eq.(2.32), obtained after the back-reactions are taken into account [20] [21] [22] . The upper limit of Planck2015 data is r ≤ 0.11 at 95% C.L. The shaded quadrangle regions are the theoretical allowed regions of the parameters r and ns for a given p. In the case p = 2 one can see that r can be as small as 0.07. As mentioned in the content, it can be even smaller for different choices of * [26] .
Equation of the Mode Function and Liouville Transformation
Our starting point is to consider the following secondorder differential equation [23, 24] ,
where λ 2 is supposed to be a large positive parameter, and the functions λ 2ĝ (y) and q(y) will be determined by the analysis of the error bounds given below, so that the associated errors will be minimized. In general, λ 2ĝ (y) and q(y) could have poles or zeros in the interval of our interest. We also called the zeros of λ 2ĝ (y) as turning points of the equation (A.1). From the theory of the second-order differential equation, the uniform asymptotic solution of µ k (y) depends on the behavior of the functions λ 2ĝ (y) and q(y) around their poles (singularities) and zeros (turning points). Note that in this paper, we also use the notation g(y) = λ 2ĝ (y), and in practice, when we turn to the final results, we may set λ = 1 for simplification.
To proceed further, let us introduce the Liouville transformation with two new variable U (ξ) and ξ(y) [23, 24] ,
where ξ = dξ/dy, and
Note that χ must be regular and not vanish in the intervals of interest. Consequently, the function f (ξ) must be chosen so that f (1) (ξ) has zeros and singularities of the same type as those ofĝ(y). As shown below, such requirements play an essential role in determining the approximate solutions. In terms of U (ξ) and ξ(y), Eq. (2.3) is brought into the form,
where
Here ± correspond toĝ(y) > 0 andĝ(y) < 0, respectively, and χ ≡ dχ/dy. Considering ψ(ξ) = 0 as the first-order approximation, one must choose f (1) (ξ) 2 so that: (a) the first-order approximation is as close to the exact solution as possible, and (b) the resulting equation can be solved explicitly (in terms of some known special functions). Clearly, such a choice sensitively depends on the behavior of the functions λ 2ĝ (y) and q(y) near the poles and zeros. Therefore, in the following let us first consider solutions near poles.
Liouville-Green approximations near poles a. Liouville-Green approximate solutions and their error bounds
In most of physical systems, the regions of physical interest are in general in the intervals between two poles or on one side of them. In this section, let us assume that the functions λ 2ĝ (y) and q(y) have two poles, one is located at y = 0 + and another is at y = +∞. In addition, we assumeĝ(y) > 0 near y = 0 + andĝ(y) < 0 when y → +∞. Except the regions near the zeros of λ 2ĝ (y), the functions λ 2ĝ (y) and q(y) are usually well-defined in their neighborhoods of poles. With this property, we can choose
Without loss of generality, we can always set this constant to one. Then, from Eq. (A.2) we find
here "+" ("-") corresponds toĝ(y) > 0 andĝ(y) < 0 respectively, and the equation of motion (A.4) takes the form
Let us first consider the approximate solution near the pole y = 0 + . In this case, we choose ξ(y) as a monotone increasing function of y, thus we find
where y i is an irrelevant reference point near y = 0 + . Then, the equation of motion now reads represent the errors of the approximate solution, which are bounded by
The derivation of the error bounds can be found in [14, 23] . Here F (y) represents the associated error control function of the approximate solution, which is given by .13) and V x1,x2 (F ) is the total variation of the function F (y). Accordingly, the mode function µ k (y) is given by the Liouville-Green (LG) solution (A.14)
Similarly, near the pole y = +∞, we still choose ξ(y) as a monotone increasing function of y. So we have 15) where y e is an irrelevant reference point near y = +∞. Then Eq. (A.8) has the form,
Ignoring the term ψ(ξ) as the first-order approximation, the solution of the above equation now takes the form ∼ e ±iλξ . Thus, the solution of Eq. (A.10) with the error terms near the pole y → ∞ can be constructed as The LG approximation is meaningful only when the following two conditions hold. First, in the interval of interest, one has to require that |q(y)| is smaller than λ 2ĝ (y) near both of the two poles. The second condition states that the associated error control function F (y) must be convergent near these poles. These two conditions provide guidelines for how to determine the splitting of λ 2ĝ (y) + q(y). Let us first consider the region near the pole y = 0 + , in which the function λ 2ĝ (y) and q(y) are expanded in the form .21) Note that in writing out the above expressions we have assumed that λ 2ĝ (y) has a pole of order i and q(y) has a pole of order j at y = 0 + . Substituting the above expansions into the integrand of the error control function in Eq. (A.13), we find 
With the above expansions, now let us discuss the convergence of the error control function F (y) by considering the following different cases.
• i > 2. In this case, the error control function F (y) is convergent only if j < • i = 2. In this case, one also requires j = 2 and the error control function F (y) reads 5 16ĝ .25) which yields .26) • i < 2. In this case, the error control function F (y) can not be convergent for any choices of g s and q s .
Let us now turn to the pole y = +∞. Assuming that g(y) and q(y) have a pole of order i and j, respectively, we find that they can be expanded in the form, .27) whereḡ s andq s are other sets of constants. Substituting the above expansions into the integrand of the error control function F (y) in Eq. (A.13), we find that
where the coefficients c
s and c (2) s are functions ofq s and g s . Then, the convergence of F (y) requires
The validity of the uniform asymptotic approximation is very sensitive to the types of the poles of the function λ 2ĝ (y). For the sake of further applications of the approximations, let us summarize the main conditions of the validity of the uniform asymptotic approximation as follows:
• |q(y)| < |λ 2ĝ (y)| near both poles;
• at the pole y = 0 + , the function λ 2ĝ (y) must be of order i ≥ 2; -for i > 2, one has to choose j < i 2 + 1; -for i = 2, one has to choose q 0 = −1/4 and j = 2;
• at the pole y = +∞, the functions λ 2ĝ (y) and q(y) must chosen so that i > −2 and j < i/2 − 1.
Note that in the above i denotes the order of poles of the function λ 2ĝ (y) and j denotes the order of the poles of the function q(y). The physically interesting region lies in the range y ∈ (0, +∞), which may contain various turning points. Now, let us turn to the approximation solutions near turning points.
Approximate solution near the single turning point y0
We first consider the single turning point at y = y 0 for the function λ 2ĝ (y). Then, the functionĝ(y) can be written in the form g(y) = p(y)(y − y 0 ), (A.30) where p(y) is a regular function with p (y 0 ) = 0 and we also assume p(y) < 0 4 . In order to perform the uniform asymptotic approximation, we assume that |q(y)| is small in comparison with |λ 2ĝ (y)|, except in the neighborhood of y 0 , in which it must be smaller than λ 2ĝ (y)(y − y 0 ) −1 [14] . As we already mentioned previously, one has to choose f (1) (ξ) 2 so that it has the same type of zeros or singularities asĝ(y). Thus, around the single turning point y 0 , one can introduce a monotonically increasing or decreasing function ξ via the relation,
where ξ(y 0 ) = 0, and ± correspond to ξ(y) > 0 and ξ(y) < 0, respectively. Without loss of the generality, we can choose ξ to have the same sign asĝ(y), and thus ξ is a monotone decreasing function around y = y 0 . Combining Eqs.(A.2) and (A.31), we find .32) and that Eq.(A.4) now reads
Neglecting the ψ(ξ) term, we find that the above equation has the approximate analytical solution in terms of Airy type functions
Then, the solution of Eq. (A.33) can be casted into the form
where Ai(ξ) and Bi(ξ) are the Airy functions, α 0 and β 0 are two integration constants, and
(1) 3
and (1) 4 denote the errors of the first-order approximation, which are bounded by [14, 23] (A.36) where the auxiliary functions M (ξ), E(ξ), and constant λ 0 are given in [14] . V x1,x2 (F ) is the supremum of the function F (x) in the range (x 1 , x 2 ). a 3 and a 4 are, respectively, the upper and lower limit of the variable ξ. And H is the associated error control function, which is defined as
Then, the mode function is given by,
Now let us turn to extend the above first-order approximation to high orders. For this purpose, following Olver [16, 23] , we assume that the exact solution of U (ξ) takes the form (for the branches of Ai(λ 2/3 ξ)), These equations are satisfied by the formal expansions of the forms,
Integration of the above two equations yields,
where ± correspond to ξ ≥ 0 and ξ ≤ 0, respectively. Similarly, for the branches Bi(λ 2/3 ξ), we find
It is easy to check thatÂ(λ, ξ) andB(λ, ξ) have the same expressions as those given in Eq.(A.43). Then, the approximate solution of U (ξ) up to the (2n)-th order of the approximation can be expressed as [16, 23] 
where the error bounds for the (2n)-th order are given by
4. Approximate solution near the turning points y1 and y2
Except single turning points, the uniform asymptotic approximation can be also applied to other types of turning points, like high-order turing or multi-turning points. In this subsection, we shall consider a pair of turning points, y 1 and y 2 , which could be both single and real, coalescent, or complex conjugate. In the neighborhoods of this type of turning points, we havê g(y) = p(y)(y − y 1 )(y − y 2 ), (A.47) where p(y) is regular in the interval of interest, and p(y 1 ) = 0 and p(y 2 ) = 0. Without loss of the generality, here we assume that p(y) < 0 when y < y 1 and y > y 2 with y 1 < y 2 . In general, we have three different cases depending on the nature of the two turning points y 1 and y 2 ,
• y 1 and y 2 are two distinct real roots ofĝ(y), i.e., two single and real turning points [c.f. Case (a) in Fig. 2 ];
• y 1 = y 2 , a double root ofĝ(y), i.e., a double turning point [c.f. Case (b) in Fig. 2 ];
• y 1 and y 2 are two complex roots ofĝ(y), i.e., two complex conjugate turning points [c.f. Cases (c) and (d) in Fig. 2] . Recall that the difference between Cases (c) and (d) is that for Case (d), the two complex roots are largely spaced in the imaginary axis.
In the uniform asymptotic approximation, we require the condition that the function |q(y)| be small compared with |λ 2ĝ (y)|, except in the neighborhoods of y = y 1 and y = y 2 , in which it must be smaller than |λ 2ĝ (y)(y−y 1 ) 14] . Following Olver [24] , we shall adopt a method to treat all of the above cases together. The crucial point is to choose f (1) (ζ) 2 in the Liouville transformation (A.2) so that
where we choose ζ to be an increasing function of y, and with the conditions ζ(y 1 ) = −ζ 0 and ζ(y 2 ) = ζ 0 . The quantity ζ 2 0 can be positive, zero, and negative, depending on whether y 1,2 are both real and different y 1 = y 2 , or both real but equal y 1 = y 2 , or y 1,2 are complex conjugate. Then, it can be shown that ζ Now let us turn to derive the relation between ζ(y) and y. We first consider the case where y 1 and y 2 are real and y > y 2 , so that ζ(y) > ζ 0 . Then, from Eq.(A.2) we find
(A.51) When y < y 1 , we have ζ(y) < −ζ 0 , then from Eq.(A.2) we find
(A.53)
When y 1 ≤ y ≤ y 2 , we have −ζ 0 < ζ(y) < ζ 0 , and −ĝ(y )dy
Neglecting the ψ(ζ) term, we find that the approximate solution can be expressed in terms of the parabolic cylinder functions W ( 1 2 λζ 2 0 , ± √ 2λζ), and is given by
, (A.59) from which we find are the errors of the corresponding first-order approximations, which are bounded by cylinder functions which are given in [14] , a 5 and a 6 denotes the upper and lower limit of the variable ζ respectively, and
is the associated error control function for the approximate solutions near y 1 and y 2 . Now we need to extend the above first-order approximate solution to high orders. Following Olver [24] , we assume that the exact solution U (λ, ζ) takes the form (for the branch of W (
As a result, we find 
Expanding the functions C and D as
we find
(A.68) Integration of the above two equations leads to,
Similarly, for the branch W (
HereĈ(λ, ζ) andD(λ, ζ) have the same expressions as those given in Eq.(A.69). Then, the approximate solution U (ζ) up to the (2n)-th order can be expressed as Now we need to match the individual solutions obtained above together. The first step is to match the approximate solution associated with turning points y 1 and y 2 with the following initial condition, However, the approximate solution involves so many high-order terms, which make the matching very complicated. In order to simplify it, let us study their behavior in the limit y → +∞. Let us first consider the D 0 (ζ) term in Eq.(A.71), which is given by
Note that in the above expression we had used C 0 (ζ) = 1, where I (ζ) is the error control function associated with the approximate solution around y 1 and y 2 , which behaves well around these two turning points. The integrand in the error control function can be expressed as 3) and using v 2 − ζ 2 0 dv = √ −ĝdy, we find that 4) where F (ζ) is the associated error control function of the Liouville-Green (LG) approximate solution near the pole y = +∞ [14] . Obviously in the limit y → +∞, we have I (ζ) → F (ζ), which has been already proved to be convergent. As a result, we have
Then, let us turn to the next order, the term C 1 , which is given by
In the limit y → +∞, D 0 (ζ) becomes negligible, and we find
In writing down the above expression we have used the formula
Thus, up to the third-order, we have
Using the asymptotic forms of the parabolic cylinder functions presented in Appendix A, on the other hand, we find,
Here the function φ(x) is given by Eq.(C.6). Note that in order to get Eq.(B.10), we have ignored all the high order terms in the asymptotic expansions of the parabolic cylinder functions, as they all become negligible in the limit y → +∞. Now comparing the above solution with the initial condition, we obtain 12) where the irrelevant phase factor X reads
From Eq.(B.9) we conclude 14) thus the coefficients α 1 and β 1 are given by,
Now we turn to match the approximate solution around y 1 and y 2 with the one around y 0 . For the approximate solution around y 1 and y 2 , when ζ −|ζ 0 | (i.e., y y 1 ), one has
Similar to the case when y → +∞ (ζ |ξ 0 |), we assume that the turning points y 0 and y 1 are large spaced. Thus the coefficients C = C(λ, ζ) and D = D(λ, ζ) are given by 18) with I (ζ) given by
Then let us turn to consider the approximate solution near y 0 . When ξ is large enough (i.e., y y 0 ), using the asymptotic expansions of Airy type functions given in Appendix A, we have 20) whereB ≡ √ −ξB(λ, ξ) and
Up to the third-order approximation, one finds [16] A(λ, ζ) 1 − H 2 (ξ) 24) where 25) and
It should be noted that, in order to match the highorder approximate solutions, one has to choose a point at which the two approximate solutions given, respectively, by Eq.(B.16) and Eq.(B.20), are matched. This is unlike the case in the first-order approximation, for which the solutions can be matched at any point between the turning points y 0 and y 1 (or Re(y 1 ) when y 1 is complex), provided that ξ(y) and ζ 2 (y) − ζ 2 0 both are large enough. While different matching points may lead to different results, one can employ the following way to reduce the errors. When we match the solution, we have used both the asymptotic expansions of Airy functions and parabolic cylinder functions, for example 27) for |ξ| 1 and
1. Thus, from the terms we have ignored in the above expansions, it seems that a good matching point should be around the range when
(B.29)
In this paper, we shall always consider the matching when the above condition is satisfied.
Error analysis and comparison with numerical (exact) solution
In this subsection, we are going to study the above matched approximate solutions numerically in order to understand the matching process. We also provide the comparison between the approximate solutions and the numerical (exact) ones for several cases.
Let us first focus on the error control functions of the approximate solutions in different ranges. The error control functions I (ζ) and H (ξ) are presented in Fig. 6 . The left panel corresponds to the error control function H (ξ) around the turning point y 0 , and the right panel corresponds to the error control function I (ζ) around turning points y 1 and y 2 . Although the error control function is not the exact error of the approximate solution, it can help us to understand the level of the errors qualitatively. Fig. 6 clearly shows that the error of the approximate solution peaks in the region where y → 0 + . And in a de-Sitter background with ν = 3/2, as we have shown in [16] , the error control function H (ξ) goes to 1/9 in the limit y → 0 + . Another feature is that H (ξ) is not sensitive to the values of parameters b 1 and b 2 , as well as * . For the error control function I (ζ), unlike H (ξ), Fig. 6 shows that I (ζ) is sensitive to the value of * , and for most cases it is extremely small compared to the value of H (ξ) as y → 0 + . It is clear that I (ζ) increases when the parameter * increases.
The coefficients A 1 (ξ) and B 0 (ξ) associated with the Airy solutions are displayed in Fig. 7 . The left panel corresponds to the evolution of A 1 (ξ) as a function of y, and the right panel corresponds to the evolution of B 0 (ξ). In this figure, the de-Sitter background is chosen. For the parabolic cylinder solutions, the corresponding coefficients C 1 (ζ) and D 0 (ζ) are presented in Fig. 8 as a function of y, where the left panel corresponds to C 1 (ζ) and the right panel represents D 0 (ζ). Similar to the case for the error control functions given in Fig. 6 , now the coefficients C 1 (ζ) and D 0 (ζ) are extremely small and negligible, compared to the values of A 1 (ξ) and B 0 (ξ), respectively.
The comparison between the approximate solution and the numerical solution is displayed in Fig. 9 . As we mentioned above, the errors of each order of approximation are different when y → 0 + . It has been shown clearly in Fig. 9 that the third-order approximation does improve the precision of the first-order and second-order approximation in the limit y → 0 + . Considering that the error of the third-order approximation is about 0.15%, however, the first-order, second-order, and the third-order approximation are almost identical to each other within this error when y ∼ y 1 or y ∼ y 2 . This implies that, compared to the third-order approximations around the turning point y 0 , the high-order approximations around the turning points y 1 and y 2 in general does not significantly improve the first-order approximation. 1 can be written as [27] W (½λζ where the phase phΓ( 1 2 + ix) is zero when x = 0 and is determined by continuity otherwise.
For Airy type functions Ai(x) and Bi(x) for large positive x (i.e., x 1), the asymptotic expansions have the form [23] Ai(x) = 1 2π 1/2 x 1/4 e 
